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ABSTRACT

Thispaper considersthedesign of pairsof wavel et baseswhere

thewaveletsform aHilbert transform pair. Thederivationis
based on the limit functions defined by the infinite product
formula. It is found that the scaling filters should be offset
from one another by a half sample. This gives an aterna
tive derivation and explanation for the result by Kingsbury,
that the dual-tree DWT is (nearly) shift-invariant when the
scaling filters satisfy the same offset.

1. INTRODUCTION

Several authorshave proposed signal processing methodsthat
call for two wavelet transforms, where one wavelet is (ap-
proximately) the Hilbert transform of the other. For exam-
ple, Abry and Flandrin suggested it for transient detection
[2] and turbulence analysis [1], Kingsbury suggested it for
the complex dual-tree DWT [7, 8], and Ozturk, Kucur, and
Atkin suggested it for waveform encoding [9]. In addition,
Freeman and Adelson employ the Hilbert transform in the
development of steerablefilter banks[5]. Also of related in-
terest is the paper by Beylkin and Torrésani [3].
Thelowpassfilters hg(n), go(n) fully determinethetwo
orthogonal wavelet bases. But how can we choose hy and
go SO that the two waveletsthey generate will form aHilbert
transform pair? Thisisthe question addressed in this paper.

Kingsbury found that the dual-tree DWT is nearly shift-
invariant when the lowpass filters of one DWT interpolate
midway between thelowpassfiltersof the second DWT. This
paper considers the limit functions defined by the infinite-
product formula, rather than the (near) shift-invariance of a
finitely iterated filter bank asin [7], and arrives at the same
condition. This paper thereby gives an alternative explana
tion for why the scaling filters should be designed to be off-
set from each other by a half sample delay.
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1.1. Preliminaries

Let thefilters ho(n), hi(n) represent a CQF pair. That is,

Zho ) ho(n + 2k) = 6(k) = {é ,’27&8

and by (n) = (=1)*=™) ho(1 — n). Equivalently, in terms
of the Z-transform, we have
H§(2)HG(1/2) + Hi(—2)H{(—1/z) = 2
and
1
H (2) = - Hy(~1/2).

We use the notation H*(z) for the Z-transform of h(n) —
then thefrequency responseof thefilteris H (w) = H?(e/*).
Thefilters go(n), g1(n) represent another CQF pair. In this
paper we assume h;(n), g;(n) are rea-valued filters. The
dilation and wavelet equations give the scaling and wavel et

functions,
=2 Zho
=2 Zhl

The scaling function ¢, (t) and and wavelet ¢, (¢) are de-
fined similarly, but with filters go(n) and g1 (n).

) én(2t — n)

) én(2t —n).

2. HILBERT TRANSFORM PAIRS

Recall the definition of the Hilbert transform. 1, (¢) isthe
Hilbert transform of 4y, (¢) if

_J —i W),

ne={ 7o)

Suppose the two lowpass filters are rel ated as follows.
Go(w) = Ho(w) eI )

where §(w) is 2m-periodic. We will see how to choose the
phase 6 (w) so that the two wavelets generated by ho and go
form a Hilbert transform pair. We proceed by considering 3
questions.

w>0

w < 0. @



2.1. Howis¢,(t) related to ¢p(t) ?

By theinfinite-product formulawe have

Ba(w) = F{on(t)} = @4(0) H{

()}

Similarly for ®,(w),

By (w) = F{oy(

~
~—
——

k=1 2
= 1 w . k
= 3,(0) H {—Ho = eI 0(w/2 )}
T { J5m(2)
= ]. w : oo k
~3,0) [] {—Ho @ }e—sza(w/z )
T {J5m(2)
(I)g(o) —j3 k
= (ﬁ w)e ]Ek:l H(w/Z )
Having ®,(0) = ®,(0) = 1 for orthogonal wavelet bases
gives
By (w) = Ba(w) e T X 1@, @

2.2. HowisGq(w) related to Hy (w) ?

The CQF filter bank has

H:(2) = %Hg(—l/z) or Hy(w)=e 7 Ho(w — 7).

Similarly,

Gi(w) = e Go(w — )
= e % Hy(w — 7)
—e —jw Ho(w ) 7 O(w—m)

).

= H)(w) o=

e—J0(w—m)

2.3. How isq,(t) related to oy (t) ?

The Fourier transform of vy, (t) is given by

Uy (w) = F{un(t)} = %Hl(g) ‘I’h(g)

and similarly for ¥, (w),

Ty(w) = F{uy(t)}

1

= 56(3) %(3)

=75 () e (3)

% (g) el Ow/2-m) g, (%) o= S5y 0(w/24 )

Q

= —H (5) 3, (%) ¢d 0w/2=m) =5 532, 0(w/2* )

= TUp(w) 67[9(w/2—7r)—22°=1 o(w/2k+1)]‘

S

Therefore we can write

T, (w) = Up(w) @/ 2m=552 0/2M] | (3

2.4. Phase condition

Canwechoosef(w) sothat ¢, (t), 14 (t) makeaHilbert trans-
formpair? From (3) and (1) we seethat 6(w) must satisfy the
following condition.

O(w/2 — ) — Zo (w/2F) = {_

We now show that if the 2r-periodic function8(w) isdefined
as

, w>0
, w < 0.

INEINE

4)

f(w) ==,

|w| <= (5)

N

asillustrated in Fig. 1, then condition (4) holds and 1y, (t),
14 (t) make a Hilbert transform pair. First, note that if 8(w)
is given by (5), then §(w/2 — ) is a4m-periodic function
given by

O<w< 27

T4
9 _ — 2 4>
6w/2 —m) { 5+%, —2r<w<0

asillustratedin Fig. 1. Now if wecall the second termin (4)
B(w)

- i 8(w/2%)
k=2

and if 8(w) is given by (5), then we can show that 5(w) is
given by

_%7 |(.U| <Am
Blw) =< Blw—4r), dr < w
B(w + 4m), w < —47m

asillustratedin Fig. 1. Adding8(w/2 —7) and B(w), we get
the graph shown in Fig. 1. Evidently, one finds that condi-
tion (4) isindeed satisfied by the choice (5).
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Fig. 1. The phase functions arising in the derivation of (5).

Theorem: If Hy(w) and G (w) arelowpass CQF filters
(scaling filters) with

Go(w) = Ho(w) e 9% for |w| <,
then the corresponding wavel etsarea Hilbert transformpair,

Py (t) = H{Yn(t)}-

Equivalently, thedigitd filter go(n) isahalf-sampledel ayed
version of ho(n),

go(n) = ho(n —1/2).

Asahalf-sampledelay can not beimplemented with an FIR
filter (not even arational 1R filter can be exact), it is neces-
sary to make an approximation.

3. DESIGN PROBLEM

Thephase condition leadsto following design problem: Con-
struct the shortest FIR filters hg, go, such that they possessa
specified number of zero moments, and that

Go(w) ~ Hy(w) e 7%.
The error functionis given by

Ey (w) = Go(w) — Ho(w) e 7%,

If we define anew function E»(w) by
By (w) := E1(2w) = Go(2w) — Ho(2w) e™7%
then the Z-transform E%(z) isapolynomial,
B3 (2) = G§(2*) — H§(2*) 27"

Let uschoose z = 1 asthe point of approximation. To make
E3(z) closeto zero at z = 1, we can ask that

G§(2*) = H5(2*) 27 = Qe(z) 1 - 271"

where L represents the degree of approximation to the half-
sampledelay. If K isthe number of zero wavelet moments,
and L is the parameter for controlling the half-sample de-
lay approximation, then we have the following design equa-
tions, whichwewishto solvefor thefilters hy and go of min-
imal length.

1. 3, ho(n) ho(n + 2k) = §(k)
2. Y, 90(n) go(n + 2k) = 3(k)

3. Hi(2) = Qu(2) 1+ 271K

G§(2) = Qy(2) 1 +27HK

5. G§(2%) — 271 Hg(2%) = Qe(2) (1 - 27 H)*

Weillustrate two examples obtained using this design prob-
lem. The design equations are nonlinear, however, solutions
can be obtained using Grobner bases [4]. We used the soft-
ware Sngular [6] to obtain the Grobner bases needed for the
following examples.

Example1l: With K = 4 and L = 5, wefind that the short-
est filters ho(n) and go(n) satisfying the conditions are of
length 10. Fig. 2 illustrates one of the several solutions that
exist. Note that | Hy(w)| and |G (w)| are indistinguishable
in the plot. The plot of the phase of G(w)/H (w), denoted
6(w), showsitsagreement withw/2 near w = 0. The plot of
the function | ¥, (w) + j ¥, (w)| showsthat it approximates
zero for w < 0 as expected if ¢, and ¢, make a Hilbert
transform pair.

Example2: With K = 3 and L = 7, the minimal lengths
of ho(n) and go(n) is again 10 samples. Fig. 3 illustrates
one of the several solutions. It can be seen that the wavelets
are not quite as smooth as in the previous example, but that
[ (w)+j ¥y(w)| iscloserto zerofor negativefrequencies.
This is to be expected, as we have reduced the number of
zero moments and at the same time increased the degree of
approximation for the half-sample delay.

Using longer filters, we have obtained sol utionsthat have
both good smoothness and good half-sample delay proper-
ties. Note that ho(n) and go(n) do not need to have (near)
linear phasein order ¢y, (t) and, (t) to makeaHilbert trans-
form pair, although it may be desirable for other reasons de-
pending on the application.

e



Table 1. Filter coefficientsfor the examples.

Examplel: N =10,K =4,L =15

ho (n)

go(n)

0.03221257407420
0.00820937853576
—0.06023981115681
0.29737132183851
0.79149943086392
0.51279103306800
—0.05414137333876
—0.11999180398584
—0.00222403925601
0.00872685173012

0.01123179664593
0.02938462747110
—0.02941520794631
0.05228807988494
0.56614863255854
0.77383926442488
0.21123282805692
—0.16831623187690
—0.05209126812854
0.01991104128252

Example2: N =10,K =3,L =7

ho (n)

go(n)

0.00419528584157
—0.03976408134143
—0.08807084231507

0.28789890325798

0.80289644768232

0.50734324828341
—0.04438514804476
—0.05179712664076

0.03247103802248

0.00342583762736

0.00051763584333
—0.00016716564000
—0.09187942035452

0.02408482114448

0.61837942541527

0.75480699639212

0.17400853530401
—0.09044673462008

0.00608060497845

0.01882886391002

4. CONCLUSION

Using theinfinite product formula, it was shown that for two

orthogonal waveletstoform aHilbert transform pair, the scal -
ing filters should be offset by ahalf sample. Anexamplewas
presented to illustrate the trade-off between the number of

zero wavelet moments and the degree of half-sample delay

approximation.
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Fig. 2. Example of near Hilbert transform pair of orthonormal wavelet bases, with N = 10, K =4, L = 5.
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Fig. 3. Example of near Hilbert transform pair of orthonormal wavelet bases, with N = 10, K =3, L = T.



